Excitation energies, term designations, and g-factors of Th, Th + and Th 2+ are determined using a relativistic hybrid configuration interaction (CI) + all-order approach that combines configuration interaction and linearized coupled-cluster methods. The results are compared with other theory and experiment where available. We find some "vanishing" g-factors, similar to those known in lanthanide spectra. Reduced matrix elements, oscillator strengths, transition rates, and lifetimes are determined for Th 2+ . To estimate the uncertainties of our results, we compared our values with the available experimental lifetimes for higher 5f 7p 3 G4, 7s7p 3 P0, 7s7p 3 P1, and 6d7p 3 F4 levels of Th 2+ . These calculations provide a benchmark test of the CI+all-order method for heavy systems with several valence electrons and yield recommended values for transition rates and lifetimes of Th 2+ .
I. INTRODUCTION
The 229 Th nucleus provides a unique opportunity for the development of a nuclear clock [1] due to an unusually low first excitation energy of only several eV [2, 3] , making the corresponding nuclear transition accessible with laser excitation [4] . This very narrow, 6h lifetime [4] , nuclear transition is expected to be well-isolated from effects of external fields leading to potentially very small ultimate uncertainty in the corresponding frequency standard. The transition frequency is expected to be very sensitive to temporal variation of the fine-structure constant and the dimensionless strong interaction parameter m q /Λ QCD as compared to atomic transitions, making 229 Th one of the most attractive candidates for such studies [5] . The physical implementation of the frequency standard may employ, for example, the closed electronic shell of Th 4+ in a UV-transparent crystal doped with a macroscopic number of 229 Th nuclei [6] or the stretched states within the 5f 5/2 electronic ground level of both nuclear ground and isomer manifolds of a single trapped ion [7] . Laser-cooled Wigner crystals of 229 Th 3+ allow for high-precision spectroscopy [8, 9] . Singly-and doubly-charged 232 Th and 229 Th ions have been produced by laser ablation of solid-state thorium compounds and by inductively coupled plasma techniques with massspectrometry analysis from liquid solutions of thorium [10] . The latter method was found to be more applicable for producing ions of radioactive 229 Th for laser experiments when searching for the energy value of the isomeric nuclear transition [10] .
We note that a frequency standard based on the nuclear transition in 229 Th can be implemented with either neutral or ionized Th. The nuclear transition might be accessed using an electronic bridge process [11] , which involves matching combined electronic and nuclear energy levels to drive the nuclear transition [11] . Implementing the electronic bridge will require knowledge of the complex electronic configurations of neutral or ionized Th.
Much of the recent work on the spectrum of thorium is motivated by its use as source of wavelength standards for high-resolution spectrographs [12] . The high density of Th I spectral lines -approximately 20 000 in the wavelength interval between 250 nm and 5500 nm -has made the thorium-argon hollow-cathode lamp a convenient tool for accurate wavelength calibration. In particular, such lamps are installed on many high-precision astronomical spectrographs. These include the High Accuracy Radial velocity Planet Searcher (HARPS) instrument, now the world's most precise astronomical spectrograph, which has a relative precision of 3 parts in 10 9 , and can measure stellar velocities to within ∼1 m/s [13] .
The best characterized Th ion today is Th 3+ , which has monovalent Fr-like electronic structure and has been studied with the high-precision all-order method [14] . Recommended values for electric-dipole matrix elements, oscillator strengths, transition rates, lifetimes, scalar and tensor polarizabilities, and hyperfine constants critically evaluated for their accuracy have been published for a large number states in Th 3+ [14] . The combination of the experimental measurements of hyperfine constants of Th 3+ with theoretical calculations has enabled accurate determination of magnetic dipole and electric quadrupole moments [15] . Analysis of resonant excitation Stark ionization spectroscopy spectra has led to the determination of Th 3+ ground-state electric quadrupole moment, adiabatic scalar and tensor dipole polarizabilities, and the dipole matrix elements connecting the ground level to low-lying excited levels of Th 3+ [16] . Due to the more complicated atomic structure of Th 2+ , Th + and Th, which have respectively two, three and four valence electrons, their atomic properties are less precisely known than that of Th 3+ . The work presented in this paper demonstrates accurate calculation of the energies of these systems and provides transition matrix elements, oscillator strengths, and lifetimes for a large number of Th 2+ states. This work also serves as a benchmark test of the accuracy of the CI+all-order method for systems with multiple valence electrons, including tetravalent neutral Th.
II. REVIEW OF CURRENT KNOWLEDGE OF STRUCTURE OF THORIUM AND ITS IONS
Properties of thorium and its ions have received more extensive experimental than theoretical investigation, due to significant difficulties in accurate first-principles calculations of such heavy many-electron systems. We begin with a summary of the experimental work and conclude with a survey of theoretical approaches.
A list of about 9500 spectral lines of Th in the range 234.5-2966.2 nm was obtained and characterized by Zalubas [17] . This resulted in determination of 254 evenparity and 322 odd-parity levels. Their g-factors were obtained by Zeeman spectroscopy, and used as an aid in spectral classification, i.e. the assignment of angular momenta, parity, and electronic configurations.
Energy levels and classified lines in the second spectrum of thorium (Th II) were described by Zalubas and Corliss [18] . About 6500 lines were classified as transitions between 199 odd levels and 271 even levels; 188 levels result from the odd 5f 6d 2 + 5f 7s 2 and (6d 2 7p + 7s 2 7p) configurations [18] . The 235 levels of the even 5f 2 7s + 5f 7s7p + 5f 6d7p + 5f 2 6d configurations were also determined [18] . Resonantly enhanced threephoton ionization of Th + was used to determine that its ionization potential is between 11.9 eV and 12.3 eV [19] .
The Th III spectrum was observed in the region 1000-3000 nm, and ten lines were identified [20] . The ground level of Th 2+ was determined to be 5f 6d 3 H 4 [20] . The first excited level, 6d 2 3 F 2 , was determined to be only 63.2 cm −1 above the ground level. Wyart and Kaufman [21] extended the analysis of Th 2+ . They classified the 92 lines above 194 nm that were previously observed [21] . The 5f 6d, 5f
2 , 5f 7d, and 5f 8s configurations were completely identified [21] .
Using time-resolved laser-induced fluorescence method, Biémont et al. measured the lifetimes of six levels belonging to the 5f 2 , 5f 7p, 7s7p, and 6d7p configurations of Th 2+ [22] . These transitions provide the mechanism of a cosmochronometer for estimating the age of the Galaxy.
An online database of published and unpublished actinide energy levels [23] lists 693 levels of Th and 507 of Th + with uncertainties of 0.001 cm −1 . Recently, Redman et al. [12] presented results of precise observations of a thorium-argon hollow cathode lamp emission spectrum in the region between 3500 nm and 1175 nm using a high-resolution Fourier transform spectrometer. Their measurements were combined with results from previously published thorium line lists [24] [25] [26] [27] [28] [29] to re-optimize the energy levels of neutral, singly, and doubly ionized thorium (Th, Th + , and Th 2+ ). A systematic analysis of previous measurements in light of these new results enabled [Redman et al. [12] ] to identify and propose corrections for systematic errors and typographical errors and incorrect classifications in previous identifications. Redman et al. [12] present 787 levels of Th I and 516 of Th II in their tables.
Dzuba and Flambaum [30] presented analytical estimates and numerical calculations showing that the energy level density in open-shell atoms increases exponentially with excitation energy. They used the relativistic Hartree-Fock and configuration interaction methods to calculate the densities of states of Th and Th + . Their results were used to estimate the effect of electrons on the nuclear clock transition discussed in the previous section [30] .
Porsev and Flambaum [31] used the CI+many-body perturbation theory (MBPT) method to study the effect of atomic electrons on the nuclear clock transition due to the electronic bridge process. They calculated energies of several high-lying even-parity states that have yet to seen by experiments.
Roy et al. have performed relativistic two-component ab initio calculations for Th + and Th 2+ ions [32] . In our present work, we evaluate atomic properties of Th, Th + , and Th 2+ using the CI+all-order approach. Excitation energies and g-factors are compared with experimental [23] and other theoretical results [33] . We also evaluate multipole transition rates and lifetimes of low-lying levels for Th 2+ .
III. COMPUTATIONAL METHOD
Calculation of the properties of thorium and it first few ions requires accurate all-order treatment of electron correlations. Low-order perturbation methods are ineffective in heavy systems with more than one valence electron, due to large effects of valence-valence electronic correlations. Moreover, the radon-like core of the thorium atom is sufficiently large that core-core and corevalence correlations have to be treated accurately as well. This can be accomplished within the framework of the CI+all-order method that combines configuration interaction and coupled-cluster approaches [34] [35] [36] [37] [38] . The CI+all-order method was used to evaluate properties of systems with three valence electrons in Refs. [39] [40] [41] [42] . In 2014, properties of systems with four valence electrons were calculated with the CI+all-order method in Ref. [42] for Sn-like ions. The spectra of the superheavy elements No, Lr and Rf with two, three, and four valence electrons was recently presented by Dzuba et al. [43] .
In the CI+all-order method, we start with a solution of the Dirac-Fock (DF) equations
where H 0 is the relativistic DF Hamiltonian [34, 44] and ψ c and ε c are single-electron wave functions and energies.
The calculations are carried out in the V N−4 , V N−3 , and V N−2 potentials for Th, Th + , and Th 2+ , respectively, where N is the total number of the electrons. Therefore, the calculations are carried out with the same radonlike Th 4+ frozen-core Dirac-Fock potential of all three systems considered in this work. The wave functions and the corresponding low-lying energy levels are determined by solving the manyelectron relativistic equation for two, three, or four valence electrons [45] ,
The effective Hamiltonian is defined as
where H FC is the Hamiltonian in the frozen-core approximation. The energy-dependent effective Hamiltonian term Σ(E) = Σ 1 + Σ 2 is calculated using a modified version of the all-order linearized coupled-cluster method with single and double excitations (LCCSD) described in [46, 47] . Therefore, the effective Hamiltonian contains dominant core and core-valence correlation corrections to all orders. The valence correlations are treated by the CI method [45] . We refer the reader to Ref. [34] for the formulas and detailed description of the CI + all-order method.
The CI + all-order approach is based on the BrillouinWigner variant of the many-body perturbation theory, rather than the Rayleigh-Schrödinger variant, leading to dependence of Σ upon energy. This introduces some subtleties associated with appropriate treatment of energy denominators. This issue has been discussed in Ref. [34] and we adopt the technical procedure that was recommended there.
The configurations are strongly mixed in all three systems considered here. We present the results for the following configurations:
• Th: 6d 2 7s 2 , 6d 3 7s, 6d 4 , 6d 2 7s7p, 5f 6d 2 7s, 5f 6d7s 2 , 6d7s 2 7p;
• Th + : 6d7s 2 , 6d 2 7s, 6d 3 , 5f 2 7s, 5f 2 6d, 5f 6d7s, 5f 7s 2 , 5f 6d 2 ;
• Th 2+ : 5f 6d, 5f 7d, 5f 7s, 5f 8s, 6d6f , 6d7p, 6d 2 , 5f 2 , 7s 2 , 5f 7p, 5f 6f , 6d7s.
We also calculate g-factors and compare them with experimental values given in Ref. [23] . For a single configuration that is described by pure LS-coupling, the nonrelativistic g-factor of the many-electron state is given by the Landè formula
where J is the total angular momentum, L is the total orbital angular momentum and S is the total spin angular momentum. As will be discussed in the next section, we find that the non-relativistic g-factors are often useful for spectral term classification.
IV. EXCITATION ENERGIES OF TH, TH + , AND TH

2+
Excitation energies of the 73 lowest states of neutral Th are listed in Table I . All energies are given relative to the 6d 2 7s 2 3 F 2 ground state. Theoretical results calculated with the CI+all-order method are listed in columns labelled "Present". The results are compared with experimental energies and g-factors given in Ref. [23] . Some of the energy levels listed in [23] are only identified by the total angular momentum J, and not by a complete LSJ term designation. Such designations are always approximate and sometimes ambiguous, as in cases of strong configuration mixing.
A. Term identification using g-factors
All of the states reported in Table I have some admixture of configurations, leading to ambiguities in term identification. Thus, we list two sets of term designations in Table I : the term listed in [23] , and our term identification, which is based on comparing the experimental g-factor with the Landè formula value given by Eq. (3) as described below. The corresponding columns are labelled "[23]" and "Present". First, we group all levels by J and by parity. This leads to a relatively small number of possible terms for each level since there are only three configuration present for even levels and four configurations for odd levels for the energy range in Table I . We then identify the term appropriate for each level using the agreement of the experimental g-factor with the Landè formula. When several configurations have the same J and parity, we also verify which configuration has the largest mixing coefficient. When no entry appears in a term column that indicates that no term has been proposed. The g nr calculated using Eq. (3) are given in columns "nr". The "Present" column reports the actual g-factor that we calculate for the state as a whole. In general, the calculated g-factors are in good agreement with the Landè formula, but there are exceptions in cases of strong configuration mixing.
Two interesting entries in Table I are the levels 6d 3 7s 5 F 1 and 6d 2 7s7p 5 F 1 , for which the column "nr" reports a value of zero for the theoretical g-factor. That factor is the Landè g-factor given by Eq. (3), which (but for a small correction due to the anomalous magnetic moment of the electron) describes the gyromagnetic ratio of a single-configuration quantum state with well-defined quantum numbers L, S and J (respectively orbital, spin and total electronic angular momentum, in units of the reduced Planck constant,h). A vanishing (or very small) g-factor for a level implies that its energy is relatively insensitive to the presence of a magnetic field. Such an attribute is of interest in applications to atomic frequency standards and precision measurement, so we comment briefly on the use of Eq. (3) as a screen in the search for small g-factors. From Eq. (3) we find that g = 0 when
where L ≥ 0 is an integer; J and S are both non-negative integers or half-integers; and |L − S| ≤ J ≤ L + S, the "triangularity condition", is satisfied. Solution of the constrained equation (4) is an exercise in integer programming, for which even linear examples fall in the NP-hard class of computational complexity [48] . However, since only relatively small values of J, L and S are relevant to the periodic table, the practical solutions of Eq. (4)can be found by searching tables of computed values of its left-hand side. Most of these solutions are of the type valid for any J:
i Table 3 and  Table 4 of Ref. [49] .
A number of such levels are identified in the NIST Atomic Spectra Database [50] , where they are usually found to have g-factors of 0.01 or less. Examples include
There are other solutions of Eq. (4) for values of J, L and S that do not satisfy Eq. (5), such as J = 3/2, L = 11, S = 21/2. These all appear to be associated with highly excited states involving multiple open shells.
B. Hyperfine Landè g-factors
A similar method can be used to search for vanishing Landè g-factors g F for hyperfine levels. Ignoring contributions from the nuclear magneton and the electron anomaly, we have (see Ref. [51] , p. 83)
where g J is the g-factor associated with the electrons, J the net electronic angular momentum, F the total angular momentum and I the angular momentum of the nucleus. Thus g F = 0 when
subject to the triangularity condition between I, J, and F . The simple expression of Eq. 7 belies the diversity of its solutions, as suggested in Table III . A number of the values of I displayed there are associated with stable or long-lived nuclei.
C. Energies of neutral Th
The calculated energy levels of thorium are in excellent agreement with experiment for such heavy tetravalent neutral atom. We find 0.2 -2% differences between the theoretical and experimental energies for 35 out of 78 levels listed in Table I . Only 9 energies differ with experiment for more than 5%. We find that inclusion of a sufficient number of configurations is particularly important for achieving accurate results. To ensure that all dominant configurations are included we started with the preliminary calculation that included a few thousand configuration state functions (CSF). The initial configuration space was constructed by allowing two excitations into the valence orbitals from the 6d 2 7s 2 , 6d 3 7s, 6d 2 7s7p, 6d7s 2 7p, and 5f 6d7s 2 configurations. The results of that calculation allowed us to sort the configurations by their contributions to the energies of interest. Then, we allowed two more excitations into the restricted valence space from the ∼35 most important configurations and one more excitation into a large valence space from the ∼315 most important configurations. The restricted valence space includes all orbitals with l < 5 up to 10g and the large valence space includes orbitals up to 20d. The combined file that includes all of the configurations of the initial run is constructed and duplicate entries are removed. The resulting list includes 24673 even and 28651 odd CSFs. This algorithm for construction of the configuration space was tested previously on tetravalent Hf [43] , where the results of this approach were compared with results of much larger calculations.
The differences between the preliminary and final runs are small only for a first few even states, ranging from 0 to 300 cm −1 . For most of the other states, the differences range between 900 and 1500 cm −1 , with the average difference being 1250 cm −1 . Moreover, the results of our preliminary runs show that lack of saturation of the CI space results in 1500-2000 cm −1 shift of all 5f 6d7s 2 and 5f 6d 2 7s configurations relative to the even 7s 2 6d 2 configuration. Selective expansion of the configuration space fixes this problem resulting in the very good agrement between the energy levels of the 5f 6d7s 2 and 5f 6d 2 7s configurations with experiment.
The shift of the even vs. odd configurations involving an nf state is a well-known problem. For example, the energies of the 4f 6 5d levels in Gd IV [52] were shifted 5f 6d + 5f 7d + 5f 7s + 5f 8s + 6d6f + 6d7p) Even-parity states (6d 2 + 5f 2 + 7s 2 + 5f 7p + 5f 6f + 6d7s) 5f 6d 3 by 13500 cm −1 relative to the 4f 7 8 S 7/2 ground level to account for this problem. The procedure for correcting the shift of the 4f n 5d energies relative to the ground state 4f n+1 energies was used for Nd IV, Pm IV, Sm IV, and Eu IV ions [53] .
D. Energies of Th ions
The energies and g-factors of 38 even-parity and 31 odd-parity states of trivalent Th + are listed in Table II Table II belong to  five configurations, 6d7s 2 , 6d 2 7s, 6d 3 , 5f 2 7s, and 5f 2 6d, which are strongly mixed. Most odd-parity levels shown in Table II have a predominant composition of 5f 6d7s. The CI+all-order results are in good agreement with experiment for most states, with the differences being less than 5% for the 5f 6d7s states. The larger discrepancies with experiment that are observed for even-parity levels with two 5f electrons, such as 5f 2 7s and 5f 2 6d are most likely due to effects of correlations involving higher (l > 6) partial waves. This problem is exacerbated when two 5f electrons are present in the same configuration.
Energies and g-factors for 95 levels of divalent Th
2+
are listed in Table IV . The energies are counted from the ground state. The energies of the odd-parity 5f 6d, 5f 7d 5f 7s, 5f 8s, 6d6f , and 6d7p configurations and evenparity 6d 2 , 5f 2 , 7s 2 , 5f 7p, 5f 6f , and 6d7s configurations calculated with the CI + all-order approach are compared with experimental energies [23] given in columns "Present" and "Expt" of Table IV . We note that the ground state of Th 2+ is 5f 6d 3 H 4 instead of the usual ns 2 1 S 0 , such as in isoelectronic Ac + and Ra. The theoretical values agree well with experiment for most cases, with the exception of the 5f 6d 3 F 2 and 6d 2 3 F 2 levels that are very close to the ground state. Since we calculate these energies as the differences of the large ground and excited divalent removal energies, the accuracy is reduced for such small energy intervals. Our values agree with experiment to 0.10% -1% for 38 levels.
In Table V , we compare all results for levels for which theoretical calculations were performed both by us and by Berengut et al. [33] , where a CI+MBPT approach was used. Berengut et al. [33] noted that "while we believe the 6d 2 3 F 3 , 6d 2 3 F 4 , and 6d7s 3 D 3 transitions are accurate, the others are estimates only." Comparison of the two theoretical results with experimental data [23] given in Table V shows that our results for Th 2+ are in better agreement with experiment than the "CI + MBPT" values except for the 6d 2 3 F 3 and 6d 2 3 F 4 levels. The case of Th + is similar. The CI+all-order method includes higher-order correlation beyond the CI+MBPT approach. However, in some cases the higher-order terms may cancel with other contributions.
The CI+MBPT approach was used by Porsev and Flambaum [31] to evaluate energies and g-factors in Th + . Tabulated results were given for even-parity states with J =3/2 and 5/2 in the range from 18119 cm −1 to 40644 cm −1 . Since our calculation was carried out for lower levels, we can only compare results for two states, 6d 3 2 D 3/2 and 6d 3 4 D 5/2 . The CI+MBPT results of [31] differ from the experimental values by 18% while our CI+all-order values by 10%.
V. MULTIPOLE TRANSITION AMPLITUDES AND LIFETIMES IN RA-LIKE TH
2+
We now discuss some multipole transition amplitudes in Th 2+ which are representative of the calculations that may have to be done for the investigation of the electronic bridge process [11] . Our CI + all-order results for the multipole matrix elements, transition rates, and lifetimes in Ra-like Th 2+ are given in Table VI .
We evaluate multipole matrix elements between 12 odd-parity states with energies in the 0 -8142 cm E3 transitions between the odd-even and even-odd states. We evaluate also the 83 M1, E2, and M3 transitions inside of even-parity complex, as well as the 110 M1, E2, and M3 transitions inside of odd-parity complex. That gives us 386 multipole matrix elements for transitions between lowest-lying levels in Th 2+ ion. In Table VI , we include results for 45 selected electricmultipole (E1 and E2) and magnetic-multipole (M1 and M2) transitions that are most important for the evaluation of the corresponding lifetimes. The octupole (E3 and M3) transitions make negligible contributions to the lifetimes and are omitted.
We use atomic units (a.u.) to express all transition matrix elements throughout this section: the numerical values of the elementary charge, e, the reduced Planck constant,h = h/2π, and the electron mass, m e , are set equal to 1. The atomic unit for electric-dipole matrix element is ea 0 , where a 0 is the Bohr radius.
To show the importance of using effective transition operators (for example electric-dipole D eff ), which include random-phase-approximation (RPA) corrections, instead of the "bare" operators, we give the matrix elements with and without the RPA correction in columns labelled Z CI+all-order and Z no RPA , respectively. We find that the RPA correction is significant (20-50%) for most transitions, so the Z CI+all-order final values are used in calculating transition rates and lifetimes. The RPA correction is small for M1 matrix elements, 5f 7s 3 F 3 − 5f 7s 3 F 2 and 6d 2 3 P 1 − 7s 2 1 S 0 . The E1, E2, E3, M2, M3, and M3 transition probabilities A r (s −1 ) are obtained in terms of line strengths S (a.u.) and energies E (a.u.) as
The line strengths S(E1), S(E2), S(E1), S(E3), S(M 1), S(M 2), and S(M 3) are obtained as squares of the corresponding E1, E2, E3, M2, M3, and M3 matrix elements listed in column Z CI+all of were performed by Biémont et al. [22] , and are summarized in Table VIII . In order to calculate these lifetimes with our CI+all-order method, we carried out extensive additional calculations to obtain the wave functions and corresponding electric-dipole matrix elements for 112 levels with 0 ≤ J ≤ 6. Using the calculated CI+all-order electric-dipole matrix elements and experimental energies [23], we obtain values for 1152 transition rates A r . These are summed over all transitions to determine the lifetimes for about 100 levels. In Table VIII , we present lifetimes, τ CI+all , transition rates A r , and branching ratios of electric-dipole transitions relevant to comparison with the lifetime measurements of [22] . Energies in both tables are from the compilation of Ref. [23] . Only the dominant transitions are listed, but all transitions are included in the lifetime calculation.
In the two last columns of Table VIII , we compare our CI+all-order lifetimes with measurements [22] . We find excellent agreement between the CI+all-order lifetimes and experimental values for the 5f 7p 3 G 4 , 7s7p 3 P 0 , 7s7p 3 P 1 , and 6d7p 3 F 4 levels. There is a 15% difference for the lifetime of the 5f 2 3 P 2 level. Several channels contribute significantly to this lifetime. The largest branching ratio for this level is 0.31 for the 5f 6d 3 P 2 − 5f 2 3 P 2 transition. The branching ratios for the other 5 transitions shown in Table VIII add 56%. An additional 13% comes from eight transitions that are not shown in TableVIII.
VI. CONCLUSION
In summary, a systematic study of the Th, Th + , and Th 2+ energies was carried out using the CI+all-order approach. Excitation energies are compared with experimental [23] and with available theoretical results [33] .
Good agreement with experiment was found even for neutral Th owing to all-order treatment of the dominant correlation corrections and sufficient saturation of the configuration space. The differences between the theoretical and experimental energies of neutral thorium did not exceed 2% for 35 out of 78 levels listed in Table I , and only 9 energies differed with experiment for more than 5%. These result show the success of the algorithm that we have developed for efficient selection of important configurations for tetravalent systems.
We explored the issue of accidentally "vanishing" gfactors, where the Landè formula gives g = 0, such as for 5 F 1 terms. We identified a number of cases in which hyperfine g-factors may also vanish.
The recommended values are provided for multipole transition rates and lifetimes of low-lying levels in Ralike Th 2+ . We expect these values to be accurate to a few percent for strong transitions based on our calculations in divalent alkaline-earth atoms [54] . To further verify the accuracy of our calculations, we compared our results with the only available experimental lifetimes [22] for higher 5f 7p 3 G 4 , 7s7p 3 P 0 , 7s7p 3 P 1 , and 6d7p 3 F 4 levels of Th 2+ ion. This works demonstrates the ability to perform accurate calculations for Th and its ions for Th nuclear clock development and other applications.
